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Epoch 9000 | Blackbox Loss: ©.00000000e+00 | Whitebox Loss: ©.00000000e
Eggch 9500 | Blackbox Loss: ©.00000000e+00 | Whitebox Loss: ©.00000000e
Eggch 9000 | Blackbox Loss: 0.00000000e+00 | Whitebox Loss: ©.00000000e
Eggch 9500 | Blackbox Loss: 0.00000000e+00 | Whitebox Loss: ©.00000000e
Eggch 9500 | Blackbox Loss: 0.00000000e+00 | Whitebox Loss: ©.00000000e
Eggch 10000 | Blackbox Loss: ©.00000000e+00 | Whitebox Loss: ©.00000000
E;ggh 10000 | Blackbox Loss: ©.00000000e+00 | Whitebox Loss: ©.00000000
e+00

00D training set:Out-of-region test set
-> blackbox 2heads 00D Loss: 2.07910732e+01
-> whitebox 2params OOD Loss: ©.00000000e+00

-> the parameters learned by the White Box AI: [0.5, 0.8]

b, FERFCULT BISCUERA
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B¢ 2D =EIEMIRRERF, RETEEEN (AWM R e — TR
B. RENSHEIT)

import torch

import torch.nn as nn

import torch.optim as optim
import matplotlib.pyplot as plt
import numpy as np

# HEBIGERRAIGE e-16, JTZMSE Loss MARSESIE THRTE, Lk e-30 #91 /K
torch.set_default_dtype(torch.float64)
torch.set_printoptions(precision=8, sci_mode=False)

# FHESLZH (4 Z4)
TRUE_PARAMS = torch.tensor([2.5, -1.2, 3.0, 0.8])

#EIFG AR S L u(X,y)=wl*sin(x)*cos(y)+w2*cos(x)*sin(y)+w3*ces (x)*co
s(y)+wd*sin(x)*sin(y)

# 4 NEHEE SMl=sin(x)*cos(y), M2=cos(x)*sin(y), M3=cos(x)*cos(y), M4=
sin(x)*sin(y)

dx = torch.tensor([-1., 0., 1., -1., 0.

R R , 1 -1., 0., 1.1)
dy = torch.tensor([ 1., 1., 1., ©., 0.,

©)
9., -1., -1., -1.1)

def build_features from centers(xe, yo0):

mmn

x0, yo: EHL (N, 1)

&[E] features: (N, 4, 9)
X_grid
Y_grid

X0 + dx.unsqueeze(9)
yo + dy.unsqueeze(9)

# DI PNEHEE Ml=sin(x)*cos(y), M2=cos(x)*sin(y), M3=cos(x)*cos(y),
M4=sin(x)*sin(y)

M1 = torch.sin(X_grid) * torch.cos(Y_grid)
M2 = torch.cos(X_grid) * torch.sin(Y_grid)
M3 = torch.cos(X grid) * torch.cos(Y_grid)
M4 = torch.sin(X_grid) * torch.sin(Y_grid)

features = torch.stack([M1, M2, M3, M4], dim=1)
return features

def generate_data(num_samples, x_range, y range):
X0 = torch.rand(num_samples, 1) * (x_range[l] - x_range[@]) + X _ran
ge[©]



Yo = torch.rand(num_samples, 1) * (y_range[l] - y_range[@]) + y_ran
ge[@]

X_grid = X0 + dx.unsqueeze(9)
Y_grid = YO + dy.unsqueeze(9)
M1 = torch.sin(X_grid) * torch.cos(Y_grid)
M2 = torch.cos(X_grid) * torch.sin(Y_grid)
M3 = torch.cos(X grid) * torch.cos(Y_grid)
M4 = torch.sin(X_grid) * torch.sin(Y_grid)

features = torch.stack([M1, M2, M3, M4], dim=1)
targets = TRUE_PARAMS[0]*M1 + TRUE_PARAMS[1]*M2 + TRUE_PARAMS[2]*M3
+ TRUE_PARAMS[ 3]*M4

return features, targets, X0, YO

def true_center field(x, y):
"t (dx=e, dy=0) iR e, AT U#H L. """
return (
TRUE_PARAMS[©] * torch.sin(x) * torch.cos(y)
+ TRUE_PARAMS[1] * torch.cos(x) * torch.sin(y)
+ TRUE_PARAMS[2] * torch.cos(x) * torch.cos(y)
+ TRUE_PARAMS[3] * torch.sin(x) * torch.sin(y)

)
# JGE ) YIX L [0,1]x[0,1],1000 MEXK
x_train_features, y train_targets, , _ = generate_data(1l, [9.0, 1.0],
[0.0, 1.0])
# /ﬂ/llf(_?% N E—Zf‘?jﬁ/( 00D (—%ﬁ;ﬁ@) [‘3, 4]X[—3, 4]) 500 //\ﬁﬂf
x_test_features, y_ test_targets, _, _ = generate_data(500, [-3.0, 4.0],
[-3.0, 4.0])
# o o — ——————— ————— ——— — —— — ——— ————— — ———— ————
# 1. blackbox AI (25668 params MLP)
# —— ————————————————————————————————————————

class BlackboxAI(nn.Module):

def init_ (self):
super(). init_ ()
# FPNL 4 -> 128 -> 128 -> 64 -> 1
# HLSF: 640 + 16512 + 8256 + 65 = 25473
# PUSLESH: 25473 * 4 = 101892
def make_head():

return nn.Sequential(



nn.Linear(4, 128),
nn.Tanh(),
nn.Linear(128, 128),
nn.SiLu(),

nn.Linear (128, 64),
nn.Tanh(),
nn.Linear(64, 1),

self.heads = nn.ModuleList([make_head() for _ in range(4)])

def forward(self, features):
# features: (N, 4, 9)
# AR (F54) #94 TEEEY 4 BN
x4 = features[:, :, 4] # (N, 4)

# Pk ERL— 1R, SHNERE——XTW

wl = self.heads[0](x4)

w2 = self.heads[1](x4)

w3 = self.heads[2](x4)

w4 = self.heads[3](x4)

w = torch.cat([wl, w2, w3, w4], dim=1) # (N, 4)

# R4 SHEZE9 51, IR775 targets JESLX—ZE (N, 9)
y9 = (features * w.unsqueeze(-1)).sum(dim=1)
return y9

class Whitebox4ParamAI(nn.Module):
def init_ (self):
super().__init_ ()
self.w = nn.Parameter(torch.randn(4))#4 params

def forward(self, features):
return (features * self.w.view(l, 4, 1)).sum(dim=1)

"G EO L, BREAE L RIFTE—E, WA ESE features, FERX (N, 4,9), BH A
JYZ(N, 9) H99 17, MIZAIthE I NEREERERI R, Z5X1[E—1y_train_target
s/y._test_targets fi{MSELoss, X7 TFEE al #4 SEEET 4 L ETFImlp 4%

WEHF, WUHTFTERTEZHI4 851, XN 9EZ al 407 25668, [f1 4



FHatf94 SHIZEZETEY TGS HFER" "

# ...existing code...

# —— ————————————————————————————————————————
# 3. equal training . Both Adam

# —— ————————————————————————————————————————

model blackbox = BlackboxAI()
model whitebox = Whitebox4ParamAI()
criterion = nn.MSELoss()

opt_blackbox
opt_whitebox

optim.Adam(model blackbox.parameters(), 1lr=0.01)
optim.Adam(model whitebox.parameters(), 1lr=0.01)

print("train set training+hallucination test for areas outside the trai
ning region : both Adam,10000 Epochs...")
for epoch in range(1l, 10001):

# blackbox

opt_blackbox.zero_grad()

loss_b = criterion(model_blackbox(x_train_features), y_train_target

s)

loss_b.backward()

opt_blackbox.step()

# whitebox 4param

opt_whitebox.zero grad()

loss_w = criterion(model_whitebox(x_train_features), y_ train_target
s)

loss_w.backward()
opt_whitebox.step()

if epoch % 500 ==
print(f"Epoch {epoch} | Blackbox Loss: {loss_b.item():.8e} | Wh
itebox Loss: {loss w.item():.8e}")

print("\n 00D training set:Out-of-region test set ")
with torch.no_grad():

test loss b = criterion(model blackbox(x_test features), y test tar
gets)

test_loss_w = criterion(model_whitebox(x_test_features), y test_tar
gets)

print(f"-> blackbox 101892params 00D Loss: {test_loss b.item():.8e}
II)



print(f"-> whitebox 4params 00D Loss: {test_loss w.item():.8e}")

learned_str = "[" + ", ".join([f"{val:10.5f}" for val in model whit
ebox.w.tolist()]) + "]"

true_str = "[" + ", ".join([f"{val:10.5f}" for val in TRUE_PARAMS.t
olist()]) + "1"

print("\n-> the parameters learned by the White Box AI:", learned_s

tr)
print("-> Taylor Green vortex analysis parameter: ", true_str)
# ...existing code...
# —— ————————————————————————————————————————
# 4\ visualization (Z5X77F=2¢-FEHIZL)
# e

with torch.no_grad():
train_loss_b = criterion(model_blackbox(x_train_features), y train_
targets).item()
train_loss_w = criterion(model_whitebox(x_train_features), y_train_
targets).item()
test loss b
gets).item()
test loss w
gets).item()

criterion(model blackbox(x_test features), y test tar

criterion(model whitebox(x_test_features), y_test_tar

x_line = np.linspace(-3, 4, 79)
y line = np.linspace(-3, 4, 70)
X_mesh, Y _mesh = np.meshgrid(x_line, y line)

X_flat = torch.tensor(X _mesh.flatten(), dtype=torch.float64).unsque
eze(l)

Y_flat = torch.tensor(Y_mesh.flatten(), dtype=torch.float64).unsque
eze(l)

# HiEg (Fs4)
Z true = true_center_field(X flat, Y_flat).view(-1, 1).numpy().resh
ape(X_mesh.shape)

# HEME LA 3x3 AFFIL, T 9 =, BRA0 = index=4 o1
X_grid = X_flat + dx.unsqueeze(9)

Y_grid = Y_flat + dy.unsqueeze(0)

M1 = torch.sin(X grid) * torch.cos(Y_grid)

M2 = torch.cos(X grid) * torch.sin(Y_grid)
M3 = torch.cos(X_grid) * torch.cos(Y_grid)
M4 = torch.sin(X _grid) * torch.sin(Y_grid)



features_mesh = torch.stack([M1, M2, M3, M4], dim=1)

Z white = model _whitebox(features_mesh)[:, 4].cpu().numpy().reshape
(X_mesh.shape)

Z black = model blackbox(features_mesh)[:, 4].cpu().numpy().reshape
(X_mesh.shape)

# Y4 XEAHE [0,1]x[0,1]

box_x = np.array([@, 1, 1, 9, 0], dtype=np.float64)

box y = np.array([@, 0, 1, 1, 0], dtype=np.float64)

box_xt = torch.tensor(box_x, dtype=torch.float64).unsqueeze(l)
box_yt = torch.tensor(box_y, dtype=torch.float64).unsqueeze(l)
box_z = true center_field(box_xt, box_yt).squeeze(1).cpu().numpy()

fig = plt.figure(figsize=(18, 6))

axl = fig.add _subplot(131, projection="3d")

ax1l.plot_surface(X_mesh, Y mesh, Z true, cmap='viridis', alpha=0.85)

axl.plot(box_x, box_y, box_z, color='red', linewidth=3)

axl.set_title("Ground Truth TGV Center Field\n(Red Box = Training Z
one)", fontsize=12)

ax1l.set_xlabel("x")

axl.set_ylabel("y")

axl.set _zlabel("u(x,y)")

ax2 = fig.add_subplot(132, projection="3d")
ax2.plot_surface(X_mesh, Y mesh, Z white, cmap='plasma', alpha=0.85)
ax2.set_title(
f"Whitebox AI (4 Params, ADAM)\nTrain Loss={train_loss_w:.5e}\n
Test Loss={test _loss w:.5e}",
fontsize=10,
pad=14,
)
ax2.set_xlabel("x")
ax2.set_ylabel("y")
ax2.set_zlabel("u(x,y)")

ax3 = fig.add _subplot(133, projection="3d")
ax3.plot_surface(X_mesh, Y mesh, Z black, cmap='Reds', alpha=0.85)
ax3.plot(box_x, box_y, box_z, color='black', linewidth=3)
ax3.set_title(

f"Blackbox MLP (101892 Params,ADAM)\nTrain Loss={train_loss b:.

Se}\nTest Loss={test_loss_b:.5e}",

color="red’,

fontsize=10,

pad=14,



ax3.
ax3.
ax3.

plt

plt.
plt.

set_xlabel("x")
set_ylabel("y")
set _zlabel("u(x,y)")

.tight_layout()

subplots_adjust(top=0.99)
show()
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